Topologically protected gapless edge/surface states are phases of quantum matter which behave as massless Dirac fermions, immunizing against disorders and continuous perturbations. Recently, a new class of topological insulators (TIs) with gapped edge states and in-gap corner states have been theoretically predicted in electric systems 1,2 , and experimentally realized in two-dimensional (2D) mechanical and electromagnetic systems 3,4 , electrical circuits 5 , optical and sonic crystals 6-11 , and elastic phononic plates 12 . Here, we elaborately design a "strong" three-dimensional (3D) topological acoustic system, by arranging acoustic metaatoms in a simple cubic lattice. Under the direct field measurements, besides of the 2D surface propagations on all of the six surfaces, the 1D hinge propagations behaving as robust acoustic fibers along the twelve hinges and the 0D corner modes working as robust localized resonances at the eight corners are
experimentally confirmed. As these multidimensional topological states are activated in different frequencies and independent spaces, our works pave feasible ways for applications in the topological acoustic cavities, communications and signal-processing.
The topological phases of matter, primarily discovered in electronic systems, have significantly renewed our understanding of condensed matter physics, and recently have extended to classical wave systems, from optical and electromagnetic systems to acoustic and elastic phononic crystals [13] [14] [15] [16] [17] [18] . The key property of d-dimensional topological insulators (TIs) is their topologically protected (d-1)-dimensional gapless boundary states which immunize against disorders and continuous perturbations.
Recently, a new class of TIs named as the higher-order topological insulators (HOTIs) have been theoretically proposed in quantized electronic multipole systems 1, 2 . The topological phases of HOTIs are characterized by bulk polarizations but not integer topological invariants, going beyond the conversional bulk-boundary correspondence.
The HOTIs with d-dimensions do not exhibit (d-1)-dimensional gapless edge states, but instead (d-2)-dimensional topological states on the "boundaries of boundaries". So far, the higher-order topological phases, stemming from the quantization of quadrupole moments, were experimentally realized in two-dimensional (2D) mechanical 3 and microwave systems 4 and electrical circuits 5 . Very recently, based on the skillful modulation of the inter-cell and intra-cell couplings, the higher-order topological states, expressing as gapped 1D edge states and topologically protected nontrivial in-gap zero-dimensional (0D) corner states, have been realized in conversional 2D optical and acoustic systems [6] [7] [8] [9] [10] [11] . These 2D HOTIs, characterized by the bulk polarization, establish a new paradigm beyond traditional bulk-boundary physics for the design of topologically robust localized cavities.
By stacking 2D TIs in the z direction with appropriate interlayer couplings, the 3D "weak" TIs, which possess 2D topological surface states on some (xz-and yzplanes) but not all the surfaces, have been developed [19] [20] [21] . Recently, the 3D third-order TIs with topologically protected corner states have also been investigated [22] [23] [24] . The Su-Schrieer-Heeger (SSH) model, which is firstly known as a 1D dimerized chain, is an excellent topological model supporting topological phases in the absence of Berry curvature 25, 26 .
The 2D SSH models, a 2D extension of the 1D SSH chain with alternating lattice coupling in both x and y directions, have been extensively investigated in classical wave systems, including electrical circuits 27 , photonic 28 and acoustic systems 29 . The topological phase of the 2D SSH model is characterized by a 2D Zak phase, and the topological edge states and even the topological corner states have been successfully predicted these 2D SSH systems. However, the experimental realization of the 3D SSH model in classical wave systems have not been reported so far. The acoustic analogues of 3D SSH model will not only provide a versatile platform for investigating the "strong" 3D TIs with 2D surfaces waves on all the surfaces, but also open perspectives for other new topological features, such as the 1D hinge states along all the hinges and the thirdorder topological phases expressing as the topological 0D corner states on all the corners.
Our 3D topological higher-order acoustic system is performed by starting from a discrete model which can be described by a Tight-Binding (TB) approximation. The TB approximation of the 3D SSH model is depicted in Fig. 1(a) , where identical nodes are arranged in a ccD Zak phase accompanying the fractional wave polarization 30 . The real space Hamiltonian of the 3D cubic lattice is given as The acoustic analogues of the 3D SSH model is a system consisting of acoustic meta-atoms which are cubic cavities with six channels connecting the nearest neighbours, as shown in Fig. 1(b) . As the acoustic modes are strongly bounded to cubic cavities and only the nearest neighbor coupling defined by connecting channels are needed to be considered, our system is an effective realization of the 3D SSH model.
Eight acoustic meta-atoms make up a unit cell, inserted in Fig. 1(b) . The axis of the channel is aligned along the face-center of the cubic cavity, carefully keeping the crystalline symmetries of crystal. There are two types of channels with diameter d1 and d2, representing intra-cell ( ) and inter-cell ( ) hoppings between the nearest neighboring cavities. The bulk topological polarization can be achieved by varying the radio (d1/d2) of diameters of these two types of channels. The half length of the channels is l=10mm. The side length of the cubic cavity is H=35mm. The lattice constant is a=110mm. If the diameter of the intra-connected channel is smaller than that of the inter-connected one, namely d1<d2, it indicates a stronger resonant coupling between the adjacent unit cells. In the opposite condition, d1>d2, modes are much more strongly coupled within the unit cell.
The bulk acoustic band structures of unit cells with d1>d2 (d1<d2) along highsymmetry directions of the cubic Brillouin zone (BZ) are shown in Fig. 1c (1d) . The bulk field profiles at the high-symmetric point R (inserted in Figs. 1c and 1d) clearly reveals the phase distributions of coupling between dipolar modes. It is observed that the parities of the eigen-state of the unit cell with d1>d2 exhibits an even symmetry about the xy-, xzand xz-planes. Namely, the channels (with d1>d2) connecting cavities provide a zero-phase shift in the coupling between dipolar modes. However, the eigenstate of the unit cell with d1<d2 exhibits the opposite parity properties, described by the odd symmetry of modes about the xy-, xzand xz-planes. It indicates that there is aphase shift in the coupling between dipolar modes. In this case, a synthetic flux is achieved by channels with d1<d2. Therefore, the unit cells with d1>d2 and d1<d2 exhibit distinct topological properties, in which the one with d1>d2 is topologically trivial and the other one with d1<d2 is topologically nontrivial.
In order to further explicitly confirm the topological phase transition between these two types of unit cells, we calculated their bulk topological polarizations characterized by an extended 3D Zak phase, seeing Supplementary information for detail. When > which is defined by d1>d2, it is yielded that = 0 for all ( , ), = 0 for all ( , ) and = 0 for all ( , ) , leading to a trivial 3D bulk polarization with = ( , , ) = (0,0,0). In contrast, when < which is defined by d1<d2, a topologically nontrivial 3D bulk polarization with = ( , , ) = (1/2, 1/2, 1/2) is yielded. Thus, our topological system is different from previous TIs, as its topological phase is characterized by a non-zero 3D Zak phase = ( , , ),
accompanying with the fractional wave polarization = (1/2, 1/2, 1/2).
The intrinsic characteristic of TIs is the emergence of surface/hinge states which are localized at surfaces and hinges of topological nontrivial systems. To simulate these topological features, we construct a supercell consisting of 3 × 3 unit cells aligned in the xyplane with periodic boundary condition along the z-direction, as shown in Fig.   2 (a). When d1>d2, there is no surface or hinge state in the complete band gap (seeing Fig. 2b ), indicating that this supercell is trivial which matches with the theoretical prediction. On the contrary, when d1<d2, the surface and hinge states can be clearly observed in the complete band gap (seeing Fig. 2c ), which indicates that the bulk polarization of this supercell is topologically nontrivial. Fig. 2d is the field profile which corresponds the surface band marked by blue in Fig. 2c . It shows that the acoustic energy is well localized at the surfaces of supercell, except of hinges. For the hinge states marked by green in Fig. 2c , it can be observed from Fig. 2e that the acoustic energy is well concentrated along the hinges of supercell, but keeping the bulk and surfaces insulating. To clearly observe the surface and hinge modes and verify the emergence of the corner mode, we design two acoustic networks consisting of 3 × 3 × 3 unit cells (as depicted in Fig. 3a and 3b and seeing simulation of method for details) whose eigenfrequency are calculated by the first-principle finite element method. The first acoustic network consisting of trivial unit cells with d1>d2 is a trivial sample.
Numerically calculated eigenfrequency of this acoustic network, as presented in Fig.   3c , shows that there are no surface, hinge and corner modes in the complete bandgap between the lower-and the higher-frequency bulk modes. On the contrary, the second acoustic network is a topologically protected one consisting of nontrivial unit cells with d1<d2. The surface, hinge and corner modes emerge in the topologically nontrivial bandgap between the lower-and the higher-frequency bulk modes.
Simulated field profiles of these bulk, surface, hinge and corner states are presented in Figs. 3e, 3f, 3g and 3h, respectively. For the bulk mode, the acoustic energy is distributed in the bulk of acoustic network. To clearly observe the bulk state, the fifteen surface cavities are hidden in Fig. 3e . For the surface mode, the acoustic energy is distributed on the six surfaces of acoustic network, except of the twelve hinges (as shown in Fig. 3f ), which is different from the traditional 3D first-order TIs with surface states on the whole surfaces including hinges [19] [20] [21] . For the hinge mode, the acoustic energy is strongly localized along the twelve hinges of acoustic network, except of the eight corners, as presented in Fig. 3g . For the corner mode which is the essential feature of the third-order topological state, the acoustic energy is extremely concentrated at the eight corners of acoustic network, decaying rapidly along the hinges, on the surfaces and in the bulk, as shown in Fig. 3h . These simulated pressure field distributions show that the surface, hinge and corner states are spatially separated from each other. Namely, the hinge mode cannot be activated by the surface state and the corner mode cannot be activated by the hinge state. Furthermore, due to the nontrivial bulk polarization of this acoustic system, the surface, hinge and corner states exhibit a good immunity against defects, which can be confirmed by several imperfect acoustic networks deliberately designed in the Fig. S1 In conclusion, we realized a 3D topological higher-order acoustic system in a cubic lattice with a nontrivial 3D bulk polarization. Multidimensional topological states of our acoustic system, including the 2D surface states, the 1D hinge states and the 0D corner states, were observed in measured transmission spectra and measured pressure field profiles. These multidimensional topological states were unambiguously separated from each other in both the frequency spectra and the space distributions, offering a flexible and well-controlled platform for the unprecedented wave modulation, from the 2D surface propagations, the 1D hinge trappings to the 0D localized resonances. We also anticipate that our 3D higher-order acoustic system may inspire more attentions on the development of other 3D higher-order topological integrated chips, from photonic, electrical, thermal to mechanical systems.
We note a recent work, which realize the acoustic analogue of a quantized octupole topological insulator (QOTIs) in 3D acoustic systems, by using negatively coupled resonators 31 .
is H=35mm, the half length of the channel is l=10mm, the diameters of the intra-cell channels are d1=24mm for the trivial unit cell and d1=8mm for the nontrivial unit cell, the diameters of the inter-cell channels are d1=8mm for the trivial unit cell and Fig. 1c-1d ), the Floquet periodic boundary conditions are imposed on all the six surfaces to form an infinite cubic lattice. For bulk and edge band structures and modes of supercells (in Fig. 2b and 2c), the rigid boundary conditions are imposed on the left, right, front and back surfaces, while the Floquet periodic boundary conditions are imposed on the top and bottom surfaces of supercells. The acoustic pressure fields are used to describe the surface and hinge states of supercell ( Fig. 2d and 2e ). In numerical simulations of Fig.   3 , we used a large cubic sample consisting of 3 × 3 × 3 unit cells for a clear separation of corner, hinge and surface modes. The simulated field profiles of the cubic samples were performed by applying the rigid boundary conditions on the six surfaces of samples. The "state number" is the "eigenfrequency number". For Fig. 3c and 3d, 376 and 463 eigenfrequencies in the vicinity of the bandgap are considered.
These eigenfrequencies are calculated by solving the eigenvalue equations of the cubic sample. The acoustic pressure fields are used to describe the eigenstates of bulk, surface, hinge and corner modes of samples ( Fig. 3e-3h ). In the simulations of excitations ( Fig. S1 ), all the six surfaces are set as be rigid and the locations of sound sources are marked by Yellow horns. In Figs. S1d-S1f, a cavity is removed from the surface, hinge and corner of the sample, marked by the green circle. In Figs. S1g-S1i, two cavities are removed from the surfaces, hinges and corners of the sample, marked by green circles.
Experiments
The measured cubic sample in Fig. 4a is fabricated by the 3D printing technique, The fluctuations of resonant frequencies of meta-atoms will lead to the chiral symmetry reduction of crystal.
